Int. J. Heat Mass Transfer.

Vol. 11, pp. 1795-1806. Pergamon Press 1968. Printed in Great Britain

THE EFFECT OF EXTERNAL VORTICITY ON
STAGNATION-POINT HEAT TRANSFER
AT HIGH PRANDTL NUMBER

S. P. SUTERAY and G. WILLIAMS}
Center for Fluid Dynamics, Division of Engineering, Brown University, Providence, Rhode Island, U.S.A.

(Received 1 January 1968 and in revised form 13 May 1968)

Abstract—The strong sensitivity of stagnation-point heat transfer to the presence of free-stream turbulence
has been attributed to vorticity amplification by stretching of vortex filaments. A mathematical model
proposed by Sutera, Maeder and Kestin is examined for the case of very high Prandtl number (Pr). Asymp-
totic solutions are obtained for the limit Pr — oo. These show that the heat-transfer sensitivity continues
to increase with Prandtl number. Approximately 95 per cent of the asymptotic value of the stagnation-point
heat-transfer coefficient is attained at Pr = 100.
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NOMENCLATURE
constant, characteristic of plane
stagnation flow;
amplitude factor;
velocity vector, dimensionless ;
velocity vector, dimensional;
constant, related to wall-shear rate
[= ¢"(0)/2];
dimensionless wave number;
Prandtl number, = ¢ ux;
constants defined after equation
(23);
temperature, dimensionless;

dimensionless  velocity com-
ponents;
dimensionless functions related to
u,v,w;

Fourier components of U, V, W ;
Cartesian coordinates (see Fig. 1).

Greek symbols

a,

dummy variable of integration,
equation (20);
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Subscripts
I,

coefficients related to the u,, v,, w,,
respectively;

dimensionless coordinates ana-
logous to x, y, z;

magnified coordinate, = Pr?.p;
Fourier components of tempera-
ture field;

width of thermal boundary layer,
a function of Pr;

incomplete gamma function;
complete gamma function;

sums in right members of equa-
tions (13), (14).

summation index ;

Fourier index ;

average part (averaged over z or
{ coordinate);

wall;

far from the wall;

first approximation;

second approximation.

INTRODUCTION

SoME recent theoretical work [1, 2] has suggested
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that vorticity amplification due to stretching
could be the predominant mechanism underly-
ing the strong sensitivity of stagnation-point
heat transfer to free-stream turbulence. Cal-
culations were made using a simplified mathe-
matical model which showed that vorticity of
sufficiently large scale and appropriately oriented
can be amplified as it is convected into the
stagnation-point boundary layer. This amplifica-
tion can induce substantial three-dimensional
effects in the neighborhood of the stagnation
point and it was found that the mean tempera-
ture profile is much more responsive to these
effects than the mean velocity profile. As a
consequence, relatively large increases in the
wall-heat-transfer rate were calculated under
conditions which changed the mean wall-shear
rate by insignificant amounts. For example,
added vorticity which increased the wall-shear
rate by less than 3 per cent augmented the
wall-heat-transfer rate by as much as 40 per cent.

In the course of these same calculations the
influence of Prandtl number on the sensitivity
of the thermal boundary layer was investigated.
The heat-transfer problem was solved [2] for
Pr = 070, 70 and 100 and the results revealed
the influence of Prandtl number to be significant.
Among these three cases the sensitivity was
found to be greatest for Pr = 70 and least
for Pr = 100. This implies the existence of a
Prandtl number for which the sensitivity is
maximum as well as a disappearance of the
effect in fluids of very large Prandtl number.
On physical grounds this finding appeared
plausible. It was argued that, as the Prandtl
number increases, the energy fransfer takes
place in an increasingly narrow region adjacent
to the boundary. The velocity field being assumed
independent of Prandtl number, the distortions
provoked in it by the added vorticity eventually
reach their maximum values outside the thermal
boundary layer and might not, then, be able
to noticeably affect the latter.

To examine the validity of this physical
argument as well as the result previously
calculated, it was decided to perform an asymp-
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totic analysis of the mathematical model for
Pr — 0. The asymptotic analysis showed that
the sensitivity of the stagnation-point heat
transfer to added vorticity continues to increase
with the Prandtl number. Hence, the physical
argument outlined above is not borne out and
the results computed previously [2] for the
case Pr =100 were not corroborated. Sub-
sequently, Williams [3] performed extensive
independent computations based on the vor-
ticity amplification model and reexamined,
in particular, the influence of Prandtl number.
Utilizing the Continuous System Modeling
Program (CSMP) developed by the IBM Cor-
poration for its 1130 Digital Computer, Williams
computed the cases Pr = 0-70, 2-70, 2-85, 3-00,
700 and 100. His result for Pr = 100, when
properly normalized, lies within 5 per cent of
the asymptotic value. In fact, the result for
Pr =17 differs by only 15 per cent from the
Pr = oo case, which shows that the Prandtl
number influence is strongest for Pr < 7. The
asymptotic analysis, reinforced by the indepen-
dent computations of Williams, points to the
conclusion that Sutera’s previous computation
for the case Pr = 100 [2] was erroneous.

This paper describes the asymptotic analysis
and presents numerical results based thereon
for the velocity field computed by Williams [3].
Williams” heat-transfer results for Prandtl num-
bers 07, 7 and 100 are presented also for
comparison.

RELATED WORK

Analytical

The literature contains many contributions
on the forced convection energy equation for
laminar boundary flows at high Prandtl num-
bers. The basic one was made by Lighthill
[4] who used the von Mises’ transformation to
derive a general expression for the rate of heat
transfer at the solid surface. Acrivos [5] later
published the complete solution of the appro-
priate partial differential equation governing
the constant-property case when dissipation
is negligible and the surface is isothermal.
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His result is general enough to cover the simple
(no added vorticity) stagnation-point boundary
layer which forms the basis for the present
analysis. In this case, however, the presence of
distorting influences in the equations governing
both the velocity and the temperature fields
makes it expedient to work out the necessary
magnification of the independent variable ab
initio. It will be seen that this step is quite
straightforward.

Experimental

There is much experimental evidence attesting
to the considerable influence of free-stream
turbulence on stagnation-point heat transfer in
flows of air. See, for example, the paper by
Kestin, Maeder and Sogin [6]. Data on the
analogous situation in higher Prandtl number
fluids is quite meager. The results of an experi-
mental investigation of forced convective heat
transfer from a cylinder to water in crossflow in
the Reynolds number range 10*~10° was pub-
lished recently by Fand [7]. On the basis of his
data this author gives two correlations for
average heat transfer of the form Nugd(Re,,
Pr,), the subscript f'signifying that fluid proper-
ties are evaluated at the arithmetic mean film
temperature. These correlations are compared
to an analogous one proposed by Perkins and
Leppert [8, 9] on the basis of measurements
at Reynolds numbers from 40 to 10° and Prandtl
numbers from 1 to 300. Nusselt numbers
predicted by the latter correlation are about
65 per cent higher than those calculated from
Fand’s equations.

Perkins and Leppert also made local heat-
transfer measurements on uniformly heated
cylinders to water in crossflow [9]. The experi-
mental data taken in the laminar region were
found to be as much as 20 per cent higher than
predictable analytically. Perkins and Leppert
attributed this disparity to the influence of
free-stream turbulence which they estimated
had an intensity of about 1 per cent. Measure-
ments taken with a constant temperature hot-
film anemometer, however, indicated an average

1797

turbulence level of 29 4+ 0'5 per cent. The
authors charged this difference to the possible
effect of the walls in their relatively narrow
test section. Perkins and Leppert did place
screens upstream of the test cylinder to break
up large scale turbulence.

Fand [7] did not measure turbulence level
in his experiments but assumes that it was
much lower than in the flow of Perkins and
Leppert. He opines, nevertheless, that turbulence
could not account for the 54-76 per cent
difference between the predictions of his cor-
relations and that of Perkins and Leppert.
The theoretical work presented below predicts
that the sensitivity of local heat-transfer rates
is intensified at high Prandtl numbers. This
prediction plus the enormous effects measured
in air flows [6] suggest that turbulence could
indeed be the answer.

At Brown University research on this effect
has shifted in emphasis to experimental verifica-
tion of the vorticity amplification idea. Very
recently Sadeh, Sutera and Maeder [10] re-
ported turbulence measurements made in the
vicinity of a two-dimensional stagnation point
which support strongly the major predictions
of the theoretical vorticity-amplification model.
Among these is the existence of a neutral scale
for vorticity dividing those scales which are
amplified as they approach the stagnation
point from those which decay steadily. The
neutral scale observed in the experiments was
in excellent agreement with the theoretical
value. Also, a consistent spatial periodicity in
the mean velocity field near the wall along a
direction normal to the plane of the average
stagnation flow was detected. This periodicity,
suggestive of an array of vortices with axes
parallel to the mean streamline direction near
the wall, was also predicted by the theory
[1, 2]. The average shear stress at the wall,
determined from boundary-layer velocity pro-
files, was found to increase with the turbulence
intensity measured at the outer edge of the
boundary layer, thus on the amount of amplifica-
tion experienced by the turbulence from its
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free-stream value. At this writing no comple-
mentary measurements of wall-heat-transfer rate
have yet been attempted.

MATHEMATICAL PROBLEM

The relevant differential equations and
boundary conditions are taken directly from
[1, 2] without change in notation. Although a
brief description of the notation and the equa-
tions is essential to the coherence of this paper,
a thorough discussion of their development and
the physical ideas underlying the mathematical
model would be uneconomical here. For this
the interested reader must be referred to the
original papers. Furthermore, since the Prandtl
number effect, which is the main interest here,
does not affect the velocity field, because of
the constant-properties assumption, only the
equations governing the temperature field will
be emphasized. In fact, the particular velocity
field will be treated as known and taken from
[3] where it was calculated.

Figure 1 shows the physical situation and the
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F1G. 1. Physical situation and coordinate system.

coordinate system. It depicts a steady flow of a
viscous, incompressible fluid having constant
properties into a plane stagnation point. The
problem is identical to the classical Hiemenz
problem but for the addition of vorticity in the
form of a simple sinusoidal variation super-
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imposed on the y-component of velocity. Other
simplifying restrictions imposed are complete
time-independence, incompressibility and neg-
ligible viscous dissipation.

The question is often raised as to how such
a time-independent flow can be called a valid
representation of a turbulent flow which is
intrinsically unsteady. In response it must be
emphasized that the turbulent flows of interest
here are steady on the average and convect
three-dimensional vorticity with a continuous
spectrum of eddy size. Since the turbulent
eddies move with the average flow, the real flow
field fluctuates with time at any fixed point.
However, the importance of this unsteadiness
alone, unaccompanied by the vortex-stretching
mechanism, has been dispelled by careful
analyses. For example, Kestin, Maeder and
Wang [11] showed that small harmonic oscilla-
tions superimposed on a steady flow caused only
second-order changes in the skin friction and
heat transfer. Furthermore, the turbulence
studies reported in [10] show a clear similarity
between the time-averaged properties of a real
turbulent flow and the steady, but vorticity-
bearing flow of the theoretical model.

Governing equations and boundary conditions

The problem is phrased in terms of dimen-
sionless variables defined by the following
expressions, wherein the dimensional dependent
variables are designated by an asterisk super-
script:

(a) the co-ordinates
&1, ¢ = (a/vtx, a1y, (afv)iz;
(b) the velocity vector
c = (av) te*

(c) the temperature

T =(T, - THAT, — T,).

In these definitions the subscripts w and
denote conditions at the wall and very far
from the wall (y,n — o0), respectively, v is the
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kinematic viscosity and a is a constant charac-~
teristic of the stagnation flow with dimensions
of reciprocal time. This constant comes from
the conditions on the tangential and normal
velocity components (x and y or £ and n com-
ponents) at the outer edge of the boundary
layer, viz.

u* — ax, v* > —ay + const.

as n — oo. In terms of the unbounded potential
flow past a circular cylinder of diameter D,
a=4V,/D.

In the original work [1, 2] the governing
equations were taken to be the time-independent
vorticity-transport equation, the incompressible
continuity equation and the time-independent
energy-transport equation with no dissipation
term. Only the third of these will be treated
here. In dimensionless form it is

(. V)T = (1/Pr) V2T. 1

The boundary conditions on T are
T(£,0,0) = 0, 2
T—-1 as 5 o0 3

The velocity and temperature fields were
restricted to possess the same underlying simi-
larity as the Hiemenz flow field as indicated by
the following forms:

u=U@0.¢

v ="V,

w = Wi, ), “
T =T(,{).

Fourier structure specification

Vorticity addition was accomplished by super-
posing a simple sinusoidal variation on the
normal or # velocity component far from the
boundary; thus

Vin,{) = Volm) + Viln)coskl as n — o0, (5)

where ¥,/V, was required to be small fraction
at large values of .
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Because the equations governing the velocity
field are nonlinear, excitation of the boundary-
layer system by a simple harmonic waveform
will cause ultra-harmonic components to be
generated. For this reason a complete Fourier
structure was assumed for each of the dependent
variables listed in equation (4). In particular

T=%@+Ai¢mwwg ®)

The factor A is called the amplitude parameter
and represents the maximum amplitude attained
by the imposed sinusoidal velocity variation,
equation (5). In drawing a comparison between
the steady distributed vorticity of this model
and the vorticity in a real turbulent flow, the
factor A is analogous to the R.M.S. value of the
local turbulent fluctuations, thus to the local
turbulence intensity, in the vicinity of the
maximum value attained by these fluctuations.
In the course of the computations [1-3] 4 was
used as an adjustable parameter for controlling
the strength of the added vorticity, as indicated
by the change produced in the wall shear rate.

The k, are dimensionless wave numbers,
positive, not necessarily integers but ordered
according to k, = nk;, n=1,2,.... An impor-
tant conclusion drawn from this model [1]
was that vorticity amplification can occur only
if the imposed vorticity scale, as represented by
its wavelength, is larger than a certain neutral
scale which is indicated by the theory. In
terms of the wave number k,, it is necessary
that k; < 1 for amplification. In [1] the calcula-
tions were performed for the neutral scale k, = 1
and in [2] for k, =% Williams [3] took
k, = 3. The asymptotic analysis to follow will
take k, = 2 and thus will be directly comparable
to Williams’ work. The velocity field calculated
therein will be taken directly as a known input.

Resulting ordinary differential equations

From [2] come the differential equations
which govern the average part T, of the tem-
perature field and the harmonic components
6, of the periodic part:
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a0

1
s To+ oTo=347 T (w6 + @8)} (1)
i=1

(0 — K26 + 96, = Toun+ 34 Y.
Pr i=1
X {[vd0psi + 0i_p + 0,_))]
+ u0psi + 0,y + 0,-)
— (/) wi0ys; — 0, ~ 0,-)}, (8)

where the prime notation means differentiation
with respect to n. The u;, v, w; are the harmonic
components of the velocity functions U, V, W
introduced in equation (4). In the summations
i is a dummy index and quantities which have
subscripts such as n — i are to be replaced by
zero whenever their subscripts are zero or
negative.

The function ¢(n) is derived from the con-
tinuity equation and represents both Ugy(n)
and Vy(n), the average parts of U(n) and V(n),
according to

o= -V, Uy= ¢ )

Note that equation (7) is a single equation
while equation (8) represents an infinite set
since 1 € n< o. These equations are all
linear but coupled in a complicated manner.

The boundary conditions which the solutions
to equations (7) and (8) must satisfy are

To(0) = 6,(0) = 0,

T,—1,0,-0 as (10)

n— .

ASYMPTOTIC SOLUTION FOR LARGE Pr

Asymptotic solutions to equations (7) and
(8), subject to the conditions (10), are sought for
large Pr, specifically for Pr — oc. The governing
equations show clearly that this is a singular
perturbation problem ; a small parameter (Pr~1)
multiplies the highest derivatives in the dif-
ferential equations. As a consequence these
derivatives would be lost in any straightforward
perturbation scheme, the order of the equations
would be reduced (to the first) and two boundary
conditions could not be enforced.

The physical significance of these remarks is
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clear., When Pr > 1 the thermal boundary
layer will be much thinner than the velocity
boundary layer. In the limit Pr = oo the former
collapses to zero thickness. In order to treat
this problem of a boundary layer within a
boundary layer mathematically, it is necessary
to find an appropriate coordinate magnifica-
tion, which is linked to the parameter Pr and
maintains the width of the thermal boundary
layer at order unity. The magnification must
also maintain the order of the second derivative
at a level comparable to the other terms in the
equations and thereby preserve the true second-
order nature of the equations.

The singular perturbation problem may also
be phrased in terms of the method of matched
asymptotic expansions, according to which the
usual boundary-layer analysis provides the
leading term of an asymptotic expansion. This
would be useful to do if further terms in the
expansion were desired; the intention here,
however, is to calculate only the leading term.
Hence, the discussion to follow will not adhere
strictly to the formalism of the method of
matched expansions but some allusions to the
ideas will occur naturally. For example, it can
be shown that the outer boundary conditions,
equation (10), represent exactly the leading
terms of suitable outer expansions for T, and
the 6, These leading terms correspond to
solutions of equations (7) and (8) with Pr = o0.

Approximate expressions for the velocity field

Because the domain of interest on the n
scale is a very narrow one beginning at n = 0,
the various components of the velocity field
may be represented by the first nonzero terms
of their respective Maclaurin’s series in powers
of n. The error associated with such representa-
tions increases with the extent of the domain
of interest, but is calculable since the velocity
field is known in principle.

In reality, only an incomplete knowledge of
the velocity field is possessed because the three
infinite sets of harmonic components (u,, v,, w,)
could never be calculated completely. This lack
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of a complete knowledge of the velocity field
is inconsequential, however, for the particular
case of interest, viz. k; = 2, A < 3. The com-
putations performed in [2, 3] confirm that for
this range of 4 the second-harmonics, u,, v,, w,,
were about an order of magnitude smaller than
their first-harmonic counterparts. By means of
inductive reasoning it could also be seen that
the whole set of Fourier components tailed off
very rapidly so that, for practical purposes,
harmonics higher than the second could be
ignored.

The general properties of the velocity field
are such that, for small #,

¢ = cn’ + O(n), ¢ = 3¢"(0),
Uy = a1 + O(n’), o, = uy(0),
v, = Ba? + O, B, = 39,00),
W, = Vall + 0%, s = Wy(0).

(1

Coordinate magnification

Coordinates of order umity in the thermal
boundary layer region are obtained by magnify-
ing the coordinate 5. (It is worthwhile to recall
that n is already a magnified boundary-layer
coordinate, its magnification factor v_* being
appropriate for the velocity boundary layer.)
Let the width of this region be of order A(Pr),
where 4 is a function which vanishes as Pr — .
Then an appropriate magnified coordinate is

i = n/A(Pr). (12)

The stretching factor 1/4(Pr) is to be determined
from the governing differential equation [(7) or
(8)]. It is clear that no magnification is necessary
for the dependent variable T, which is of order
unity inside the boundary layer. The 8, repre-
senting part of the same temperature field
cannot be measured on a different scale from
T, and, hence, receive no magnification.

Substitution of the approximate forms, equa-
tions (11), into equations (7) and (8), followed
by the change of independent variable, equation
(12), gives, after dividing through each equation
by 4,

1801
1 AR
— T} + ci*Ty ==— 76,
Pr. A3 TO + &/ 0 2 igl [alnel
+ (ﬁl~20i)l] + O(A)~ (13)
1 k2 2 2
74 — n ford )/ — .~ TI
Pro a0 T Bl T M= FTo
A ®
+ 3 Z [{ﬂi~2(0n+i + ei—-n + Bn—i)},
i=1

+ aff(0ps; + 0;-p + 6,

- ?yiﬁ(9n+i -0, — en-i:l + 0(4). (14)

In these two equations the prime signifies
differentiation with respect to .

The factor A is determined from either of
equations (13) and (14) by considering the limit
Pr - oo with # fixed. Only the coefficients
containing 4 are affected by this limiting
process. The one multiplying the highest deriva-
tives Ty and 6, or more precisely the

I 1
P,linw [Pr . A3]

determines A. This limit may be zero, infinite
or finite. The first two possibilities would mean
degenerate solutions incapable of satisfying
the inner boundary conditions, Ty(0) =0,
0,(0) = 0, and matching the outer flow Tox = 1,
8,=0 as ff > c0. Only the finite limit is of
interest and the simplest choice for the constant
limit is unity. Hence

A(Pr)= Pr~* and 7 = Priy. (15)

Accordingly the coefficient of 6, in equation
(14) vanishes as Pr~* in the limit Pr — oo.

Resulting equations
Equations (13) and (14) now become

Ty + cii?Ty = 3423, (16)
0+ cii20, = BJi*To + 14Z,,  (17)

where, for brevity, 2, and X, designate the
sums. It is interesting to note that the functions
T, and 6, will have the same complementary
solutions. Furthermore, since the wave number
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k, does not appear in equation (17) it is expected
that all the 6, will be similar in form, differing
only in amplitude. To repeat, the boundary
conditions to be satisfied are

To(0) = 6,000 =0

T,»1, 6,-0 as (18)

fi = o0.

Solution by successive approximations

Solutions of equations (16) and (17) was
effected by the same method of successive
approximation and iteration applied in [1, 2].
The process is begun by neglecting the spectral
interaction functions represented by X, and Z,.
Then it is possible to solve for a first approxi-
mation to Ty, call it Ty, which may then be
used in equation (17) to solve for first approxi-
mations to the ,. The 0,;, may then be used to
approximate X, in equation (16). The next step
is to calculate a second approximation for Ty,
In the calculation discussed below no iteration
was performed beyond this step.

Accordingly, the first approximation to T
satisfies the following differential equation and
boundary conditions:

Tg(l) + CﬁZT'om =0,

N 19
To1)0) =0 Toqy—1 as §j—» co. (19)
The solution is
3 ¥ ‘
. c c
To(l)(rl) = F(g (§> Sexp (_ 3(13) do
0
G % ) (20)
= ——" (20

I'(3)

This will be recognized as the incomplete gamma
function of { and has been tabulated by Pearson
[12].

The first approximations to the 8, satisfy
Oncy + 20u1y = Bafi* Toquys

n(1)(0) =0, 9n(1) -0 as @)

] = oo.
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The complete solutions:

B r(%)ﬂg%c%'ﬁe"p <’ ﬁs)- (22)

w6

9;.(1) =

With these solutions and the approximate
forms for u,, v, and w,, equations (11), a first
approximation can be obtained for the right
member of equation (16). In abbreviated nota-
tion the second approximation Ty,, is governed
by

~2
To@) + i Tow

= A*(P + Of°)i* exp (— ﬁ3>, (23)

W o

where

p

mlz (o; + 3B)Bs

and
3

c e 9}
2= gLl

The boundary conditions to be satisfied by
To(z) are the same as those satisfied by Ty,
equation (19).

The general solution for Ty, is

337

3’3 0\ .

e _Az{(?c &)
+%ﬁ}exp (—%rﬂ).

This form clearly displays the contribution of
added vorticity, represented by the terms multi-
plied by 42,

T0(2)

(24)

Wall-heat-transfer rate

The heat-transfer rate at the wall is propor-
tional to the quantity Ty(0). Differentiation of
equation (24) followed by evaluation at 7 = 0
yields

33t P 20
020 = Té -4 (30 " 3_> 23)
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The first member on the right represents the
rate corresponding to the simple Hiemenz
boundary layer (4 = 0) and the term in A2 is
the contribution of the added vorticity. It will
be seen shortly that the latter is positive,
meaning that the added vorticity increases the
heat transfer. It should be remembered that
the derivative of equation (25) is taken with
respect to the stretched variable 7. Multiplica-
tion of this result by Pr? gives the wall gradient
in terms of the original variable # since

Ty _dTp df _d% oy

dp — df ‘dn  df
It is interesting to note that dT,/dn, evaluated

at n = 0, is precisely the Nusselt number based
on the viscous length ,/v/a.

(26)

Numerical results

In order to calculate temperature profiles
from equations (20), (22) and (24) the constants
¢, o; and f§; must be obtained from a previously
solved velocity field. This information is taken
from [3] where, for reasons explained above,
only the first and second harmonic components
of the periodic portion of the velocity field were
computed. The pertinent numbers are listed
in Table 1 for four values of the amplitude
parameter A.

It is worthwhile repeating that these numbers
were computed for the case k; = 2. The ampli-
tudes of the first harmonics, «,, f;, are indepen-
dent of A, by virtue of their normalized defini-
tion, but the ratios a,/a,, f,/8, are proportional
to A. The small values of these ratios is clearly
evident from the preceding tabulation.

By means of equations (22) and (24) profiles of
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Onc1) /(‘ FT%%}) = f] exp (‘ §ﬁ3)

and Ty, were computed and are shown
plotted in Figs. 2 and 3. Only one curve, cor-
responding to A = 1, is given for 0,,, since the
maximum deviation from this curve, for values
of A < 3, is only about 0-04 unit. It can be seen
in Fig. 2 that the harmonic components of the

1-0
——~ 0.8
- / N 2=
(XY
e
Qlm
i / \
. 0-4
< /
© 02 \
0
o] 05 I-0 15 20 25 30 35
’;7=Pfl/s77

Fic. 2. Asymptotic solution for high Prandtl number.
First approximation to harmonic components of the
temperature function.

|O T V
/
A4=3
oo / /
06 L %
To / =407 ]
04 ///
0-2 /
[¢]
[¢] 0-5 -0 'S5 2:0 2:5 3-0 35
HeArsm

Fi1G. 3. Asymptotic solution for high Prandtl number. First

approximation (4 = 0) and second approximations (4 =

1, 2, 3) for mean temperature field T,. Ty, corresponds te
basic two-dimensional flow without added vorticity,

Table 1
A= 1 2 3
¢ = 1¢(0) 06163 0-6206825 0-633744 0655231
«, = u,(0) 0 —00917220 — 00917220 — 00917220
%, = )(0) 0 —0:008033 —0016066 — 0024099
B, = L(0) 0 0-93965 0-93965 093965
B, = 1v7(0) 0 — 00652368 —01304736 —0-1957104
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Table 2. Sensitivity of wall-heat-transfer rate to added vorticity at various Prandt! numbers

Table entries are values of Tj(0)/Pr*
(Changes from the value at 4 = 0 shown in parentheses)

Analog computations Digital computations Asymptotic
of Sutera [2] of Williams [3] analysis
ky = % ky = % ky = %
A Pr =070 70 100 070 70 100 o
0 0-574 0640 0672 0-558 0615 0-643 0-661
05 0-581 0-653 0677 0-565 0630 0-660
(12%) (20%) ©07%) 12%) (24%) (26%)
10 0-599 0-685 0686 0-585 0673 0713 0739
43%) (70%) (20%) (48%) 94%) (10-8%7) (118%)
15 0-620 0-743 0:799
(11-1%) (21-1%) (24-2%)
20 0670 0812 0-721 0668 0-846 0922 0-968
(167 %) (26-8%) (2% (197%  (75%) (43:3%) (464 %)
2:5 0721 0-897 0-730 0975 1078
(256 %) (40-1%) (30-8%)  (585%) (676 %)
30 0-791 0-806 1-133 1270 1334
(37-8%) 44.4%) (842%) (97:5%) (1018 %)

periodic part of the temperature field reach
their maxima very near the mid-point of the
thermal boundary layer. The concomitant dis-
tortion of the average (over the z-coordinate)
temperature field, to second approximation,
Fig. 3, is always such as to increase the tem-
perature gradient at the wall, thus improving
the wall-heat-transfer rate. It should be noted
that the profile labeled 4 = 0 is the profile
correspondingto perfectly two-dimensionalflow,
i.e. a flow with no added vorticity.

The wall-heat-transfer rates for 4 =0 to
A = 3 were also computed. These are tabulated
in the extreme right-hand column of Table 2.

Table 2 also summarizes the Prandtl number
influence for the three cases computed in [2, 3].
(In this table, the prime always means d/dy
and per cent changes, listed in parentheses
beneath the table entries, are referred to the
values at 4 = 0.) For the case Pr = 100 and
no added vorticity (A = 0) the asymptotic analy-
sis gives T'(0) = 3-07, differing by about 3 per
cent from the exact 29856 obtained on the
digital computer. In fact, even for a Prandtl
number as low as 70, the’ corresponding
difference is of the order of 7 per cent.

Comparison of the increments in 7T(0)
predicted by the asymptotic analysis (last

column on the right) on the one hand and those
computed for Pr= 100 on the other gives
evidence to the discrepancy mentioned in the
Introduction. There seems to be no physical
basis to justify both a maximum and a minimum
in the increment dependence on Pr. Hence, we
must conclude that the Pr = 100 case cal-
culated in [2] is in error.

CONCLUSIONS

The calculation described above is intended
to demonstrate the sensitivity of heat transfer
in the plane stagnation flow to the presence of
vorticity susceptible to amplification by stretch-
ing when the Prandtl number is very high. The
results tabulated in Table 2 show that the
percentage increase in the wall-heat-transfer
rate is greater in this case than for all lower
Prandtl numbers previously calculated [2, 3].

In the Introduction to this paper a plausible
argument, used previously to justify the inverse
effect of Prandtl number on heat-transfer sen-
sitivity, was outlined briefly. In the light of the
contrary prediction given by the asymptotic
analysis and its verification by more accurate
computations, it is appropriate to ask where
a fallacy in the physical argument might lie.
Equation (7) governing the function T and the
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approximate solutions, equation (22), for the
6, give the answer. First, it must be noted that
the right member of equation (7) contains
products involving not only the 8, but also the
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Résumé—La sensibilité élevée du transport de chaleur au point d’arrét en présence de la turbulence de

I’écoulement amont a été attribuée a I’'amplication de la corticité par étirement des filaments tourbillon-

naires. Un modeéle mathématique proposé par Sutera, Maeder et Kestin est examiné dans le cas d’un

nombre de Prandtl (Pr) trés élevé. Les solutions asymptotiques obtenues pour le cas limite Pr — co montrent

que la sensibilité du transport de chaleur continue 4 croitre avec le nombre de Prandtl. 95 pour cent approxi-

mativement de la valeur asymptotique du coefficient de transport de chaleur au point d’arrét est atteinte
pour Pr = 100.

Zusammenfassung— Die grosse Empfindlichkeit des Wirmeiibergangs am Staupunkt, fir Freistromtur-
bulenz, wird der Wirbelvergrosserung infolge der Ausdehnung der Wirbelfiden zugeschrieben. Ein von
Sutera, Maeder und Kestin vorgeschlagenes mathematisches Modell wird fiir den Fall sehr grosser Prandtl-
Zahl (Pr) iiberpriift. Asymptotische Losungen erhilt man fiir den Grenzfall Pr — co. Sie zeigen, dass die
Empfindlichkeit des Warmeiibergangs mit dem Anstieg der Prandtl-Zahl zunimmt. Etwa 95 prozent des
asymptotischen Wertes des Warmeiibergangskoeffizienten am Staupunkt werden bei Pr = 100 erhalten.
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AsHOoTAaNNA—CUIBHAA YYBCTBUTEIBHOCTh TEMIOO0MEHA B KPHUTUYECKOH TOUKe K HAJMYMIO
cBoGogHOlt TypOyJneHTHOCTH OGBACHAETCA YCHUJIEHWEM 3aBUXPEHHOCTH M3-3a PAaCUIMPEHUA
BHXDEBHIX HUTell. MaTemaTH4ecKas mofenb, mpepioxennaa Cyrepa, Magepom n Hecrunnm,
HPOBEPANACH JJiA Cilydad odeHb Gombmoro umciaa Ilparparas (Pr). Ilomydens acumnroTH-
YecKkue pelleHuA npun Pr — oo. OHHM NOKAa3HBAKT, YTO YYBCTBUTEILHOCTh TEMJIO00OMEHA
Boapacraer ¢ yBexndeHHeM umcia [lpanaras. Ilpumepro 959 acMMITOTHYECKOTO 3HAYEHMS
KoadhpuLMeHTa TermI000MeHA B KPUTHYECKOH! Touke moiyueHsl nmpu Pr = 100.



